Abstract. We present structural properties of Lie algebras admitting symmetric, invariant and nondegenerate bilinear forms. We show that these properties are not satisfied by nilradicals of parabolic subalgebras of real split forms of complex simple Lie algebras, neither by 2-step nilpotent Lie algebras associated with graphs, with only few exceptions. These rare cases are, essentially, abelian Lie algebras, the free 3-step nilpotent Lie algebra on 2-generators and the free 2-step nilpotent Lie algebra on 3-generators.
Introduction
In this paper we consider Lie algebras g admitting ad-invariant metrics, that is, symmetric bilinear forms which are nondegenerate and for which inner derivations are skew-symmetric. Several authors considered these Lie algebras because of their relevance in different areas of mathematics and physics [1, 3, 4, 8, 9, 11, 15, 19] . Lie algebras carrying ad-invariant metrics are also known as metric, self-dual or quadratic Lie algebras, depending on the context. Recent compilation works on advances and applications are [13, 20] .
In this paper we establish structural properties of Lie algebras admitting adinvariant metrics. Those properties become a set of obstructions useful when deciding whether a given Lie algebra can be equipped with such a metric or not. The main result of this work is conclusive (see Theorems 3. 4 
and 4.7):
Let n be a nilpotent Lie algebra admitting an ad-invariant metric and such that either n is a 2-step nilpotent Lie algebra associated with a graph, or n is the nilradical of a parabolic subalgebra of a real split form of a complex simple Lie algebra. Then n is abelian, n is isomorphic to n 2,3 or it is isomorphic to a direct sum of copies of n 3,2 and an abelian factor.
Here n p,k denotes the free k-step nilpotent Lie algebra on p-generators. It is well known that semisimple Lie algebras and abelian Lie algebras carry adinvariant metrics. Nonsemisimple Lie algebras may also admit such metrics, examples of which are solvable or nilpotent Lie algebras [16, 21] . But there are restrictions, for instance, solvable Lie algebras with null center or nilpotent Lie algebras with one-dimensional center cannot be equipped with an ad-invariant metric.
Lie algebras carrying ad-invariant metrics can be constructed by the double extension procedure; any such Lie algebra is obtained in this way when it is nonsimple and of dimension ≥ 2 [7, 11, 18] . The production of examples is guaranteed by this method and it also allowed to obtain algebraic and geometric properties of these Lie algebras and their associated Lie groups with bi-invariant metrics. Yet, one may reach isomorphic Lie algebras starting from two nonisomorphic ones, making difficult the classification of Lie algebras admitting ad-invariant metrics by means of this extension procedure.
Still, whether a given nonsemisimple Lie algebra admits an ad-invariant metric is an open question. Partial results when restricting to particular families of Lie algebras can be found in [1, 6, 17, 12] .
Our work here contributes with general Lie-algebraic structure facts that Lie algebras admitting ad-invariant metrics satisfy. When considering the families of nilpotent Lie algebras mentioned above we see that these conditions are quite restrictive, giving rise to the conclusive result stated before.
The organization of this work is as follows. Section 2 introduces notation and structural properties of Lie algebras admitting ad-invariant metrics. We apply the obstructions obtained here to particular families of nilpotent Lie algebras. Section 3 is devoted to study which Lie algebras associated with graphs admit ad-invariant metrics. Meanwhile Section 4 reviews known properties of the central descending series of nilradicals of parabolic subalgebras of split forms of complex simple Lie algebras, and also we give particular behavior of roots in the last step of its lower central series (Proposition 4.2). This is a key step to narrow the possible Lie algebras admitting ad-invariant metrics in this family and achieve the full classification.
Invariant metrics on Lie algebras
In this section we introduce notations and basic facts about the structure of Lie algebras admitting ad-invariant metrics.
Let g be a real Lie algebra of dimension m. Given a subspace v of g we consider the series {C j (v)} and {C j (v)} where for all j ≥ 0 they are given by
The subalgebra C 1 (v) is the centralizer z(v) of v in g. Given X ∈ g, we denote z(RX) simply as z(X).
The particular series {C j (g)} and {C j (g)} are, respectively, the lower central series and the upper central series of g. We notice that C 1 (g) = [g, g] is the commutator of g and C 1 (g) is the center of g which we denote by z.
Let , : g × g −→ R be a symmetric bilinear form on g. The orthogonal of a subspace v of g is the vector subspace of g given by
We denote Rad = g ⊥ , that is,
In particular, , is nondegenerate if and only if Rad = 0. A symmetric bilinear form , is called invariant when
If , is an invariant symmetric bilinear form then Rad is an ideal of g.
Definition 2.
1. An ad-invariant metric on a Lie algebra g is a nondegenerate symmetric invariant bilinear form , .
When g can be endowed with an ad-invariant metric the series associated to a subspace v ⊂ g are related.
Proposition 2.2. Let g be a Lie algebra endowed with an ad-invariant metric , and let v be a subspace of g. Then for all j ≥ 1
and therefore
Proof. We proceed by induction on j ≥ 1. Set X ∈ C 1 (v) and
Assume the statement holds for j − 1 and fix
The result in Proposition 2.2 for the particular case v = g, that is, the lower and upper central series of g, was already known (see for instance [7, 9] ). It is worth noticing that (4) may hold for g but fail for v = g. For instance take g = span R {e i : Under the hypothesis of Proposition 2.2 one has
. Let g be a Lie algebra admitting ad-invariant metrics. Then Eq. (5) implies
where the orthogonal of RX is taken with respect to any nondegenerate symmetric bilinear form. Assume now that C 1 (g) = g and let g = v 1 ⊕ · · ·⊕ v s ⊕ C 1 (g) be a vector space direct sum of g with v i = 0 for i = 1, . . . , s. Related to this decomposition we define the following ideal
This ideal is a subspace of Rad, independently of the choice of v i . Indeed Eqns. (3) and (5) 
These facts account to the following.
Proposition 2.3. Let g be a Lie algebra admitting ad-invariant metrics. Then
The conditions above are structural properties of a Lie algebra admitting adinvariant metrics, but they are independent of the metric.
Remark 2.4. Given an arbitrary Lie algebra, the ideal Θ v1,...,vs varies depending on the decomposition of g taken. One can find examples of Lie algebras g for which Θ = 0 for any decomposition, but not admitting ad-invariant metrics.
Remark 2.5. When a bilinear form , on g is symmetric and invariant (possibly degenerate) some of the reasonings above are still valid. Specifically, in this context, one has that for any v ⊂ g,
⊥ for all j ≥ 0 and Eq. (5) holds as well as inclusions in (6) and (8) .
A Lie algebra g is a k-step nilpotent Lie algebra if C k (g) = 0 and C k−1 (g) = 0. A 2-step nilpotent Lie algebra g is nonsingular if ad X : g −→ z is onto for all X ∈ g; if this is not the case, we say that g is singular.
Corollary 2.6. Let g be a 2-step nilpotent Lie algebra satisfying one of the following conditions:
1. g is nonsingular,
Then g does not admit ad-invariant metrics.
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Proof. 1. Let g be a 2-step nilpotent Lie algebra, then 0 = C
, g] and (9) does not hold.
The hypothesis imply
Thus Θ v1,v2 = 0 and now (10) is not satisfied.
Remark 2.7. Heisenberg-Reiter Lie algebras [22] are 2-step nilpotent Lie algebras g having a decomposition g = v 1 ⊕ v 2 ⊕ z where the Lie bracket verifies [v i , v i ] = 0, i = 1, 2. Corollary 2.6 assures that Heisenberg-Reiter Lie algebras verifying z = C 1 (n) cannot be endowed with an ad-invariant metrics.
Nilpotent Lie algebras associated with graphs
Let G = (V, E) be a finite simple graph where V is the set of vertices and E is the nonempty set of edges, that is, E is a collection of unordered pairs of distinct vertices. An edge given by the unordered pair v, w ∈ V is denoted e = vw and we say that e is incident on v and w. Given v ∈ V the set of neighbors of v is
, so V is the disjoint union of V 0 and V 1 , with V 1 nonempty. Let V i be the real vector space having V i as a basis and define
The Lie algebra n G associated to G is n G = V ⊕ U where the Lie bracket is obtained by extending the following rules by skew-symmetry. If v, w ∈ V then [v, w] = v ∧w if vw ∈ E and 0 otherwise, and [v, u] = 0 for all v ∈ V and u ∈ U. The dimension of n G is |V | + |E| and it is always 2-step nilpotent. The commutator is C 1 (n G ) = U and its center is z = V 0 ⊕ U.
LetG be the subgraph of G withG = (V 1 , E) . Clearly, n G ≃ R s ⊕ nG where s = |V 0 | (possibly s = 0). Note that C 1 (nG) = U is the center of nG. Moreover, if
For further notations, definitions and properties of graphs we refer to [2] .
The Lie algebra n C3 is 6-dimensional and isomorphic to the free 2-step nilpotent Lie algebra on 3-generators n 3,2 . Any direct sum R s ⊕ n 3,2 ⊕ r · · · ⊕n 3,2 is the Lie algebra associated with the graph having s isolated vertices and r nontrivial connected components each of which is a 3-cycle.
The Lie algebra n 3,2 admits ad-invariant metrics [5, 7] and also does any direct sum R s ⊕ n 3,2 ⊕ · · · ⊕ n 3,2 by taking product metrics.
The next lemma describes subspaces of n G considered in the previous section. Given v ∈ V , we say that v is in a 3-cycle if there exists a subgraph H = (W, F ) of G isomorphic to C 3 such that v ∈ W . If this is not the case, we say that v is not in a 3-cycle. 
Proof. From the Lie bracket defining n G , one has z ⊕ span R V \N (v) ⊂ z(v). The fact
Clearly
Lemma 3.3. If G = (V, E) is such that n G admits an ad-invariant metric, then
and every vertex in V 1 is in a 3-cycle.
Proof. The 2-step nilpotent Lie algebra n G satisfies: dim z = |V 0 | + |E|, dim C 1 (n G ) = |E| and dim n G = |V 0 |+|V 1 |+|E|. If n G admits an ad-invariant metric, Eq. (4) implies
⊥ because of (5) and thus v ∈ C 1 (n G ) ⊥ = z = V 0 ⊕ U which is a contradiction.
Theorem 3.4. The Lie algebra n G associated with a graph G admits an ad-invariant metric if and only if n G is isomorphic to a direct sum R s ⊕n 3,2 ⊕· · ·⊕n 3,2 . Equivalently, n G admits an ad-invariant metric if and only if each connected component of G is a 3-cycle or an isolated vertex.
Proof. Example 3.1 shows that any direct sum of n 3,2 with itself or with abelian factors admits an ad-invariant metric. So we focus on proving the converse.
Let G be a graph such that n G admits an ad-invariant metric. Let H = (W, F ) be a connected component ofG = (V 1 , E); any vertex in H is in a 3-cycle by the previous lemma. Since H is connected we know that |F | ≥ |W | − 1. If |F | = |W | − 1 then H is a tree but in this case the vertices in W are not in a 3-cycle. So we have |F | ≥ |W | which togheter with (11) (for G) imply |F | = |W |. Thus H is obtained from a tree by adding a sole edge. Since any element in W is in a cycle we get that H itself is a 3-cycle.
Nilradicals of parabolic subalgebras 4.1. Structure of nilradicals of parabolic subalgebras
Let g be a split real simple Lie algebra with triangular decomposition g = g − + h + g + associated to a positive root system ∆ + with simple roots Π and let b = h + g + be the corresponding Borel subalgebra of g. Given γ ∈ ∆, H γ ∈ h is its dual element through the Killing form κ of g, and if δ ∈ ∆ denote (γ, δ) = κ(H γ , H δ ). As usual, if γ ∈ ∆, then X γ denotes an arbitrary root vector in the root space g γ and if α ∈ Π, coord α (γ) denotes the α-coordinate of γ when it is expressed as a linear combination of simple roots. Let γ max denote the unique maximal root of ∆ + . The set of parabolic Lie subalgebras of g containing b is parametrized by the subsets of the set of simple roots Π as follows. Given a subset Π 0 ⊂ Π, the corresponding parabolic subalgebra of g is p ≃ g 1 ⋉ n where 
is the center of n.
Remark 4.1. It follows from this description of the lower central series that the nilradical n is abelian if and only if Π 0 = {α} and coord α (γ max ) = 1.
For each i ≥ 2 one has [14] [g (1) ,
Let γ ∈ △ + n be such that o(γ) ≥ 2 and let α ∈ Π 0 . Then Eq. (13) implies that at least one of the following conditions hold:
(i) γ = δ + β where δ, β ∈ ∆ + n and coord α (δ) = 0;
(ii) γ =γ + β whereγ, β ∈ ∆ + n and o(β) = 1 and coord α (β) = 1, coord α (γ) > 0. Using these decompositions inductively we reach the following general results on the reduced root system associated to a parabolic subalgebra. Proposition 4.2. Assume |Π 0 | ≥ 2 and let γ ∈ ∆ + n be such that X γ ∈ C k−1 (n). Then for any α ∈ Π 0 there exists some t ≥ 1 and roots δ, β 1 , . . . , β t ∈ ∆ + n such that γ = δ + β t + β t−1 + . . . + β 1 (14) and also coord α (δ) = 0, coord α (β j ) = 0 for all j = 1, . . . , t and any partial sum
When γ is as in (14) one has t j=1 coord α (β j ) = coord α (γ) and thus t ≤ coord α (γ).
Let α ∈ Π 0 and assume γ satisfies (i) above, clearly (14) holds for t = 1. Assume this is not the case and γ = γ 1 + β 1 with o(β 1 ) = 1, coord α (β 1 ) = 1 and coord α (γ 1 ) > 0. Then o(γ 1 ) ≥ 2 since |Π 0 | ≥ 2 so we can decompose γ 1 similarly.
If γ 1 verifies (i) then γ 1 = δ + β 2 being coord α (δ) = 0. Hence γ = δ + β 2 + β 1 and (14) holds with t = 2. Otherwise γ 1 = γ 2 + β 2 with o(β 2 ) = 1, coord α (β 2 ) = 1 and coord α (γ 2 ) > 0; thus γ = γ 2 + β 2 + β 1 and again o(γ 2 ) ≥ 2, so we decompose γ 2 and so on.
Repeating this procedure one gets that γ j satisfies (i) for some j ≥ 1. In fact, denote d = coord α (γ) and assume that γ is decomposed using (ii) after d − 1 steps, obtaining γ = γ d−1 + β d−1 + β d−2 + . . . + β 1 with coord α (β j ) = 1 and o(β j ) = 1 for all j, and coord α (γ d−1 ) > 0. As before,
verifies (i) above and the proposition holds.
Lemma 4.4. Let γ ∈ ∆
+ and α ∈ Π such that γ = α.
Proof. The α-string through γ is γ + nα where p ≤ n ≤ q [10, Proposition 8.4] and
Assume γ + α / ∈ ∆ + , then q = 0 and from the equation above, (γ, α) > 0 if and only if p ≤ −1, or equivalently, γ − α ∈ ∆ + . A similar argument proves the second assertion.
This lemma and the description of the lower central series of n in Eq. (12) give a strategy to compute a basis (and thus the dimension) of both C k−1 (n) and C 1 (n), as we describe in the following example.
We denote γ, α = 2 (γ,α) (α,α) which are the integers in the Cartan matrix when γ and α simple roots. Notice that (γ, α) and γ, α either have the same sign or are simultaneously zero, since (α, α) > 0.
Example 4.5. Consider the simple Lie algebra E 6 where Π = {γ 1 , . . . , γ 6 } ordered as in [10, Theorem 11.4] . Then γ max = γ 1 + 2γ 2 + 2γ 3 + 3γ 4 + 2γ 5 + γ 6 . Assume Π 0 = {α}; in particular n is abelian if α = γ 1 or α = γ 6 (see Remark 4.1). Below we assume n is nonabelian.
Clearly γ max + γ i is never a root for i = 1, . . . , 6. Moreover γ max , γ i = 1 if i = 2 and zero otherwise. Thus C k−1 (n) = RX γmax if α = γ 2 .
If α = γ 2 then X γmax and X γmax−γ2 are elements in C k−1 (n). Notice that γ max − 2γ 2 is not a root since in (15) we have q = 0 and p = −1. Also γ max − γ 2 , γ i = 1 if i = 4 and ≤ 0 otherwise. Hence C k−1 (n) is either RX γmax ⊕ RX γmax−γ2 if α = γ 4 or contains the subspace RX γmax ⊕ RX γmax−γ2 ⊕ RX γmax−(γ2+γ4) if α = γ 4 . Following this reasoning one obtains
In order to give a basis of n/C 1 (n) we use 2. in Lemma 4.4. Assume α = γ 2 , then by Eq. (12) X γ defines a nonzero element in n/C 1 (n) if coord γ2 (γ) = 1. Also, for γ i = γ 2 , γ 2 , γ i > 0 only when i = 4 hence γ 2 , γ 2 + γ 4 induce linearly independent elements in n/C 1 (n). Thus dim n/C 1 (n) ≥ 2 > dim C k−1 (n) in the case α = γ 2 . Similar arguments give dim n/C 1 (n) > dim C k−1 (n) for any other case in (16).
Nilradicals admitting ad-invariant metrics
We continue with the notation in the previous subsection. We identify the nilradicals n admitting ad-invariant metrics in terms of the simple Lie algebra g and the set Π 0 associated to n. Proof. The Lie algebra n is k-step nilpotent with k ≥ 2 since |Π 0 | ≥ 2, n decomposes as n = g (1) ⊕ C 1 (n) (see (12) ) and C k−1 (n) = z. If n admits an ad-invariant metric
Below we show that C k−1 (n) is also orthogonal to g (1) and therefore C k−1 (n) ⊂ Rad = 0 which is a contradiction.
Let X γ ∈ C k−1 (n) and X µ ∈ g (1) . There is some α ∈ Π 0 such that coord α (µ) = 1. By Propostion 4.2 there exist some t ≥ 1 and roots δ, β j ∈ ∆ + n verifying coord α (δ) = 0 and coord α (β j ) = 0 for j = 1, . . . , t such that γ = δ + β t + . . . + β 1 and δ + β t + . . . + β t−s ∈ ∆ + n for all s = 0, . . . , t − 1. In particular
The ad-invariance of the metric implies
Notice that β t +β t−1 +. . .+β 1 +µ is not a root in ∆ + n since, when written as linear combination of simple roots in Π, its coefficient in α is greater than coord α (γ max ). Therefore [X βt , · · · , [X β2 , [X β1 , X µ ]]] = 0 and from (17) , X γ , X µ = 0.
The proof above motivated the result in Proposition 2.3. In fact any n associated to Π 0 = {α 1 , . . . , α s } admits the decomposition n = v 1 ⊕ · · · ⊕ v s ⊕ C 1 (n) where v i is the span of root vectors X β with coord αi (β) = 1 and coord αj (β) = 0 for j = i. Fix i = 1, . . . , s and lets assume that every X γ ∈ C k−1 (n) satisfies (14) with t = 1. Then
The proof above is a generalization of this fact for t ≥ 2.
Theorem 4.7. Let n be a nilradical of a parabolic subalgebra associated to a split real form of a simple Lie algebra g. Then n admits ad-invariant metric if and only if n is abelian or it is isomorphic to either n 3,2 or n 2,3 .
Proof. For a simple Lie algebra g we consider the numbering of simple roots Π = {γ 1 , γ 2 , . . . , γ n } as in [10, Theorem 11.4] .
Let n be the nilradical associated to Π 0 ⊂ Π and assume it admits an ad-invariant metric. Proposition 4.6 imply Π 0 = {α}; the relevant cases to consider are those for which coord α (γ max ) ≥ 2 since n is abelian otherwise. We give the proof type by type:
• Type A. Here coord α (γ max ) = 1 for all α ∈ Π.
• Type B. Notice that coord γ1 (γ max ) = 1. Also if α = γ n then n is the free nilpotent Lie algebra n ,2 which admits ad-invariant metric if and only if n = 3 [5] .
Let α = γ l for some 2 ≤ l ≤ n − 1, then n is 2-step nilpotent and n = v 1 ⊕ v 2 ⊕ v 3 ⊕ C 1 (n) where v 1 = span{X ǫi−ǫj : 1 ≤ i ≤ l < j}, v 3 = span{X ǫi : 1 ≤ i ≤ l}, v 2 = span{X ǫi+ǫj : 1 ≤ i ≤ l < j}, C 1 (n) = span{X ǫi+ǫj : 1 ≤ i < j ≤ l}. (10) does not hold and n cannot be endowed with an ad-invariant metric.
• Type C. Here coord γn (γ max ) = 1, so consider α = γ l for some l = 1, . . . , n − 1. In this case, n = v 1 ⊕ v 2 ⊕ C 1 (n) where v 1 = span{X ǫi−ǫj : 1 ≤ i ≤ l < j}, C 1 (n) = span{X ǫi+ǫj : 1 ≤ i < j ≤ l}. • Type D. Notice that coord γi (γ max ) = 1 if i = 1, n − 1, n, so assume α = γ l for some l = 2, . . . , n − 2. In this case, n = v 1 ⊕ v 2 ⊕ C 1 (n) where v 1 = span{X ǫi−ǫj : 1 ≤ i ≤ l < j}, C 1 (n) = span{X ǫi+ǫj : 1 ≤ i < j ≤ l}. v 2 = span{X ǫi+ǫj : 1 ≤ i ≤ l < j}, Again z = C 1 (n) = [v 1 , v 2 ] and 0 = [v i , v i ], for i = 1, 2 so n does not admit ad-invariant metrics.
• Type G. When g = g 2 straightforward computations show that n = n 2,3 if α = γ 1 so it admits ad-invariant metric [5] . To the contrary, when α = γ 2 the nilradical n verifies dim z = 1 and dim n − dim C 1 (n) ≥ 2 so Eq. (4) does not hold and n cannot be endowed with an ad-invariant metric.
• Types E and F. Every nilradical is nonabelian. The argument given in Example 4.5 applies in these cases and one gets dim C k−1 (n)+dim C 1 (n) > dim n, independently of α ∈ Π. Thus n does not admit ad-invariant metrics by Proposition 2.2
